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MEANYS MEDIAN

FREQUENCY OF OCCURRENCE

DATA VALUES

Figure 1.1 Density Function for a Lognormal Distribution

MEANYS MEDIAN
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Figure 1.3a The mean (triangle) as balance point of a data set.
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Figure 1.3b  Shift of the mean downward after removal of outlier.
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Figure 1.2 Density Function for a Normal Distribution

BASIC CONCEPTS

o Variance and Standard Deviation

& (X -X)’
i=1 (n-1)

o Interquartile Range

MAD (Xj) = median |dj], where dj = Xj — median (Xj)
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STD.DEYIATION VS IQR YS MAD

data 2 4 8 9 11 11 i_

®-X2 372 168 001 081 841 841 152
d=X~Pso] 7 5 1 0 2 2 3

data 2 4 8 9 111 120
X-X72 372 168 001 081 841 841 12522

|§=X-Pso| 7 5 1 0 2 2 11

IQR=11-4=7
MAD=median|d;| =2
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Figure 2 2a. Histogram of annual

for the Licking River

Fi; 2.2b. Second hist of same data, but with different interval divisions.
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QUARTILE PLOTS
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Figure 2.4 Quantile plot of the Licking R. annual streamflow data

BOXPLOTS
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RANDOM YARIABLES (RY)
PROBABILITIES VARIABLES

o Function (X) whose value (x) depends on the
outcome of a chance event

¥r CQ-VK'
NUMBER OF OCCIRRENCES Y

o Discrete RV ( Dt n |
o Takes on values from a discrete set

# of years until a certain flood stage returns
# of times reservoir storage drops below a le

o Continuous RV ( é g-h

o Takes on values from a continuous set
e.g., Rainfall, Streamflow, Temperature, Concentration

-~

PROBABILITY DENSITY
(MASS) FUNCTIONS (PDF)

Probability density function Probability mass function
dFy ()

) ="24" Px (X)) =Pr{X =X;]
E——

a)\e!’cl'. & “r D b
Yoo o4 ’

11 LA

0.0
possible values of a randvaﬂath — x

Continuous RV rete RV
. S
Jix (0dx =1 JFx (0= [ fx (s)ds sl
—00 —o0

— Fx (x)
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CUMULATIVE DISTRIBUTION FUNCTIONS
i1l PDF (CDF)

Mtive
Come éj(x)zPr{X <X} Fx()= 2 px (X))

Vi X, <X

EXPECTATION
e VARV 4y, P,
/\ E[g(X)]= +fog(x) fx (X)dx X iscontinuous

—0o0

E[g(X)] =X g(X)px (xi) X isdiscrete
Xj
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PRINCIPLE

Replacement of uncertain quantities by either
expected, median or worst-case values can
grossly affect the evaluation of project
performance when important parameters are
highly variable.

EXAMPLE

2R B

Elevation of reservoir water surface varies from year to year
depending on the inflow and demand for water.
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Average pool level

L= E[L]=Z|, pL(II)

L)L
7 L= 1_0(0&)) + 23(0.@; 39(0._30) + 41)(0._25) +50(0.10) =£

EXAMPLE

PR e FE B R

For example, the following matrix displays the probabilities of
different weather conditions and of different recreation benefits
levels obtained from use of a reservoir in a state park

ExI=20p,000\ T
' 00" [ s, | w5, | ns,
0.1 0.2 0.1

Expected Benefits 7 Wer
= Dry 0.1 0.3 0.2

RB,= $100K
RB,= $150K
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Marginal Conditional \3 Joint Recreation  Expected
Probabilities Probabilities Probability  Benefits Benefits
= (Thousand &)
P(RB1|Wet)
- 0.1 100 10
/025 - $ $
P
//
P (Wet) / P(RB2 | Wet) 0.2 $150 $30
0.4 h 0.50
/ L ™,
;/ \\
\M 0.1 5250 525
0.25
\‘ P(RB1|Dry)
0.1 100 10
\ 7 0ar § s
\\\ r
P (D " P(RB2|D
N\ (Dry) / (RB2|Dry) 0.3 $150 845
0.6 \ 0.50
—_ .
hs
s
X BRESIDNY) 0.2 $250 $50
0.33

( énu) K

E[X]=2X Py (X)
I

Weather Recreation Benefits (Y)
CO | RB__| RB,__| RB,__
Wet 0.1 0.2 0.1

Dry 0.1 03 02

MULTIPLE RANDOM YARIABLES (RY)

The joint distribution of two RVs, X and Y.
Fiy (%)= PriX < xandY <y} o

Anal

EXAMPLE

For example, the following matrix displays the
probabilities of different weather conditions and of
different recreation benefits levels obtained from

use of a reservoir in a state park A e|a,+\'ve

Freg
RB,= $100K ) | RB, | RB, | RB, |
RB,= $150K Wet Xy @ 02 0.1 5= 4
RB,=$250K  pry 3, (@D 0. 02 eﬁ

w
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INDEPENDENT RY

A B A EZF B

g If the distribution of RV X is not influenced by
the value taken by RV Y, and vice versa, the RVs
are independent

o Formndent RVs, the joint probability is
the product of the separate probabilities.

Pr{X <xandY <y} =Pr{X<x}Pr{Y <y}

Marginal Conditional N :!oint Recreation  Expected
Probabilitie Probabilities Probability  Benefits Benefits
(Thousand $)
P(RB1|Wet
548 0.1 5100 510
P (Wet) P(RBZ|Wet)
0.4 0.50 0.2 5150 530
P{RB3|Wet)
11 1]
0.25 0 525 525
P(RB1|Dry)
0.1 100 10
0.17 § s
P (Dry) P(RB2|Dry)
o6 25D 0.3 5150 545
P(RB3|Dry)
. ]
033 0.2 5250 55

Weather Recreation Benefits (Y)
T =
Wet 0.1 0.2 0.1

Dry 0.1 03 02

E[X]=XXPy (X)
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MARGINAL DISTRIBUTIONS

Two RVs X and Y can have a joint distribution

Fxy(x,y)

The marginal distribution OL)gis the distribution
of Xignoring X~

hm FXY(x y)= Pr{X< x}=Fy(x)

h4d
Recreatlon Benefits (Y)
(X)

0| al 02 ¥ 204
Dz 0. + 03 4 02 _g,o.g

N sz YOSy ds- v

Marginal ConditiunalL//— .\ﬂoint Recreation  Expected
Probabilities Probabilities Probability  Benefits Benefits
(Thousand &)
P(RB1|Wet)
- 0.1 100 10
/025 $ $
P
P
P (Wet) / P(RB2 | Wet) 0.2 $150 $30
0.4 h 0.50
/ ™,
/ .
“._P(RB3 | Wet) c 6 -
0.25
\‘ P(RB1|Dry)
0.1 100 10
\ 7 0ar § s
\ P (D " P(RB2|D
N\ (Dry) / (RB2|Dry) 0.3 $150 845
0.6 \ 0.50
s
\\
s
X BRESIDNY) 0.2 $250 $50

0.33

Weather Recreation Benefits (Y) $170
9 [ RB,_| RB, | RB, _

Wet 0.1 02 0.1 E[X]= %Xi Py (%)
Dry 0.1 03 02
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CONDITIONAL DISTRIBUTIONS

Conditional distribution of X given that Y haso_zr

Re,

taken on a particular valu
N K\ WQ_L EY7) 67
Fyy (X] Pr{X<xgivenY =y}
S 2 == Ry

)= Pxy (X,¥)_

Py XIN=200 Tven T 73 P(\\R\( wed) 2 6.z4

Wwet 0.4 0. /o 4 —

—— o (ns, | wed)= 050

X) m% ¢RIB'i 0.2/ a
@—. ':l. 0 =0

Dry o) 03 0y -_334; (0 B3] wed)s 028
. oL /% Ok 0.11s04)

2:)*00

DISCRETE RY

): pXY (X: y)
Py (Y)

- Conditional Distribution Pxy (XY

—

. Joint Distribution

Pxy (X,Y)= Py (Y)* Pxyy (X|Y)

—_—

Ma, 1 Thal N (W\Ar}fa/\/\ \ /_\/

- Marginal Distribution Px () =2Z[py (V) * pxy (X]Y)]
y
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EXAMPLE

For example, the following matrix displays the probabilities of
different weather conditions and of different recreation benefits
levels obtai use of a reservoir in a state park

EIX1=2xp ) | Macy L
' = ) | RB, | RB, | RB, |

Expected Benefits 0.4 Wer ols Q27 017
0.6 D_I:)’ 2\\/ 03 o« 02 v
: £z).0
B =010*RB, +020RB, +010RB, +0.0RB, +030RB, +0.20RB,
+010($100K) +030($150K ) +0.20($250K) = RB,= $150K
e — —RB,= $250K

:$170K,//

(z %
Marginal Conditional % J(c;]ir?t Recrea?ion g)?p)ec@c?
Probabilities Probabilities Probability  Benefits Benefits
Thousand $)

0, {
=7 PRBL{WEY 404-1023" $100 410
A~ 0.25 =] —
s ety Yoy
AN 64+0
We+ ) P!:\Let} & —PIRB2|Wet) .(L’F S i &4

/ — '\\ — —_—

/ — N
" P(RB3 | Wet)
j/ A 0.25 &1 2 5_25

=22 0.
\

\ P(RB1|Dry)
0.1 5100 510

7 \ P {Dry) '/ P(RE2|Dry)

\ Ty, 2 ry
Df\[ 0.6 ‘{.\ 050 0.3/04 23 $1s0 sﬁ‘r’

—— hs
y

“._P(RB3|Dry)

% 1.0 o O 2 E W

Weather G )k
9 | RB,_| RB, | RB, | _

Wet 0yt 02+~ ol -Fod E[X]z%xipx(xi)
Dry 01 + 03 + 02 —oy
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QUANTILES

The pth quantile of a random variable X is the
smallest value x,, such that X has a probability p of

assuming a value equal to or less than x,

Pr{X < xp}s p<Pr{X < xp}

Median: X0.50

Interquartile Range: [ X255 % 7 5]

FLOYY DURATION CURVYE

1= p=Pr{X >Xp}=1-——

n+1
\ P(X>x)= Ranked

Year Flow Rank 1-i/(n+1)= Flow
x i 1-p 0]
1911 10817 1 0.99 6525
1912 11126 2 0.98 7478
1913 11503 3 0.97 8014
1914 11428 4 0.96 8161
1915 10233 5 0.95 8378
1997 10343 87 0.06 15062
1998 14511 88 0.05 15242
1999 14557 89 0.04 16504
2000 12614 90 0.03 16675
2001 12615 91 0.02 18754
2002 16675 92=n 0.01 20725
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FLOW DURATION CURVYE

¢ Flow duration curve - Discharge vs
% of time flow is equaled or
exceeded.
¢  Firm yield is flow that is equaled or
B exceeded 100% of the time

P(X>x)
Probability that flows
is larger than “X”

UNITS

o 1ft=0.3048 m o 1 m?=8.11x104 af
o 1 m3=28.3168x10 3 ft3 109 m? = 8.11x10° af
a 1 md = 353147 ft? 1km? = 0.811 maf
a 1 ha = 10,000 m? 3
o 1 acre = 43,560 ft2 o 1m'=264gal

= 0.4047 ha 10° m° = 264x10° gal

o 1 km® = 264 bg

1 km3/yr = 0.7234 bgd

a 1 gal = 3.785x10 3 m? Y d

=3.785L
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