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Objective 

The objective of this exercise is to provide a set of exercises of a benefit-cost analysis that consider 

risk analysis by using the expected monetary value method. 

 

Useful Formulas 

Expected Monetary Value 

 

Marginal Distribution 

 

Conditional Distribution 

 

Joint Distribution 
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Expected Monetary Value 

Exercise 1 (Adopted from Loucks and van Beek Problem 7.5).  

 
Table 1 shows the data of expected benefits and cost for recreation activities on a determined 
reservoir. Using the data provided in Table 1, on possible recreation benefits, cost (recreation 
losses).  
 

1) Estimate the Net Benefits  
 

Table 1.- Data of associated benefits and cost for the  
Summer 
storage 

level 

Probability 
of storage 

level 
Average 
Benefits 

Decrease in 
recreation 

benefits (Cost) Net Benefits 
(ft)  (thousand $) (thousand $) (thousand $) 
200 0.1 10 5  
250 0.2 10 2  
300 0.4 10 0  
350 0.2 10 1  
400 0.1 10 4  

 
2) Estimate the Expected Net Benefits 
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Exercise 2 (Adopted from Loucks and van Beek Problem 7.5).  

 
Table 2 shows the data on irrigated agricultural yields for rice. The crop yield varies with respect 
to the water applied per hectare. The capital cost to grow a hectare of rice is $3,160. The current 
market price for a ton of rice is $325 per ton.  
 

1) Estimate the benefits for each type of irrigation water allocation 
 

2) Estimate the net benefits per acre for each water allocation 
 

Table 2 
Water 

Allocation 
(acre-feet) 

Probability 
of 

Allocation 

Cost to 
grow rice 
($/acre) 

Crop 
Yield 

(ton/acre) 

Market 
Price of Rice 

($/ton) 

Benefits 
($/acre) 

Net 
benefits 
($/acre) 

1 0.2 $3,160  6.5 $325    
2 0.3 $3,160  10 $325    
3 0.3 $3,160  12 $325    
4 0.2 $3,160  11 $325    

 
 

3) Estimate the expected net benefits using the probability of allocation and the Net Benefits. 
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Multiple Random Variables 

Exercise 3 (Adopted from Robert Gilbert). 

 
Table 3 shows the joint distribution of the hours that a driller machine was tested and the 
productivity associated with that time.  
 

1) Estimate the joint Probability Mass Function (also known as Joint Distribution or Relative 
Frequency) of the data. 

 
Table 3 

Duration Productivity Productivity Number of  Joint PMF 
X Y Y Observations PX,Y (x,y) 

(hr) (%) ($)     
6 50 750 2  
6 70 1050 5  
6 90 1350 10  
8 50 750 5  
8 70 1050 30  
8 90 1350 25  

10 50 750 8  
10 70 1050 25  
10 90 1350 11  
12 50 750 10  
12 70 1050 6  
12 90 1350 2  

   139  
 
 

2) Estimate the marginal distribution for the Duration (X-variable) 
 
 
 
 
 

3) Estimate the conditional distributions for each productivity given a determined duration 
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4) Build a decision tree with the marginal, conditional and joint distributions.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5) Estimate the expected value using the decision tree. 
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Exercise 4 (Adopted from Robert Gilbert). 

 
Last year, hurricane Sandy did a lot of damage to the East coast. According to NOAA, the 
probability that the East coast is hit by a hurricane is 0.49 each year. Also, the probability that a 
high tide occur during (given) a hurricane is very small, 0.05. According to experts, the estimated 
damage that Sandy caused is $50 Billion! The average damage that (typical) hurricanes cause is 
$4.5 Billion.  
 

1) The following table decision tree show the Marginal and Conditional probabilities of the 
No-action Scenario, meaning, do not built structures to mitigate hurricane damages. 
Estimate the joint probabilities and the expected coast for this no action scenario. 

 
                        
    Marginal    Conditional   Joint Damage  Expected Cost 
    Probabilities   Probabilities   Probability Cost ($ Billion) 
                       
          P(High Tide|Hurr)            
        

  
0.05    50 Billion  Billion 

    P(Hurr)             
  

  

0.49 
  

            
      P(No High Tide|Hurr)           
       0.95    4.5 Billion  Billion 
 

  

                  
                    
  P(No Hurr)   P(No Hurricane)           
    0.51   1    0 Billion  Billion 
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2) Now, let’s consider the scenario where $1 billion is spent every year despite the fact that a 

hurricane happens or not (in the no “No Hurricane” branch ). Also, let’s consider that 
because of this investment the damage cost when Hurricanes happen (with and without 
Hide Tide) occur is reduced by half ($25 Billion in the High Tide|Hurricane and $2.25 
Billion in the No High Tide|Hurricane). Estimate the joint probabilities and the expected 
coast for this no action scenario. 

 
                        
    Marginal    Conditional   Joint Damage  Expected Cost 
    Probabilities   Probabilities   Probability Cost ($ Billion) 
                    
          P(High Tide|Hurr)         
        

  
0.05    25 Billion  Billion 

    P(Hurr)           
  

  

0.49 
  

          
      P(No High Tide|Hurr)         
       0.95    2.25 Billion  Billion 
 

  

                
                  
  P(No Hurr)   P(No Hurricane)         
    0.51   1    1.0 Billion  Billion 
                      

 
 

3) Compare the expected cost of both scenarios, which one is smaller? Which project would 
you select? 
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Water Resources Performance Criteria 

This time we will revisit the water allocation assignment, so we can explore the concept of 

reliability, which is the opposite concept of risk. Earlier in the quarter, we have done a lot of work 

to describe the water allocation system for four water demands (River, X1, X2, and X3), imagine 

in a basin where we have hundreds and sometimes thousands of users! All the previous work 

quantitatively describes how water is allocated, but it does not gives us any performance of the 

water supply. For estimating the water supply performance, there are four water resources 

performance criteria used widely in the field: Reliability (in time and volume), Vulnerability, and 

Resilience. I will show you how to calculate those water resources performance criteria to evaluate 

the our water resources system.  

Reliability (Time and Volume) 

Have you ever heard in the news about “Water Supply Reliability”? do you remember Governor 

Brown in our last drought when he talked about “making sure everyone had a reliable water supply 

during the drought? Water Supply Reliability is a common term used to quantify how frequent a 

water demand is met (time-based reliability), and how close to the total amount demanded 

(volumetric reliability). The time based reliability is the portion of time that water demand is fully 

supplied, or in other words, how frequent a water demand is fully supplied.  

To estimate the time based reliability, we need to estimate water supply deficits, which is the 

difference between the water demand minus the water supplied: 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 = �
𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷,𝑡𝑡
𝑖𝑖 − 𝑋𝑋𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝐷𝐷𝐷𝐷,𝑡𝑡

𝑖𝑖     𝐷𝐷𝐷𝐷 𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷,𝑡𝑡
𝑖𝑖 > 𝑋𝑋𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝐷𝐷𝐷𝐷,𝑡𝑡

𝑖𝑖

     0                                𝐷𝐷𝐷𝐷 𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
𝑖𝑖 = 𝑋𝑋𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝐷𝐷𝐷𝐷,𝑡𝑡

𝑖𝑖  
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where: XiDemand,t is the water demand for the ith water user, and XiSupplied,t is the water supplied in 

the tth time period. Finally, the reliability for the ith user is: 

𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝑅𝑅𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑅𝑅(𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷)𝑖𝑖 =
# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 = 0

𝑛𝑛
 

where n is the total number of time steps, often used the total number of years or months, depending 

on the water management unit of time. 

The volumetric reliability is the sum of the deficits divided by sum of the water demand. The 

volumetric reliability express how much water was supplied compared with the total amount of 

water demanded. 

𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝑅𝑅𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑅𝑅(𝑣𝑣𝑜𝑜𝑅𝑅𝑣𝑣𝑡𝑡𝐷𝐷)𝑖𝑖 =
∑𝑋𝑋𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝐷𝐷𝐷𝐷,𝑡𝑡

𝑖𝑖

∑𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷,𝑡𝑡
𝑖𝑖  

 

First, let’s calculate the matrix of Water Supply Deficits. As mentioned before, a water supply 

deficit is the difference between the water demand minus the water supplied. For the River 

demand, a deficit only exists if the water supplied is less than the water demand (𝑄𝑄𝑡𝑡𝑅𝑅𝑖𝑖𝑅𝑅𝐷𝐷𝑅𝑅= 2 units of 

water). Go to the sheet “Part 1 – River” and let’s estimate the deficit for year 2020 in cell D87 as 

follows: “=IF(D59<River_WD,River_WD-D59,0)” 
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If you copy and paste the equation of cell D87 in cells D88:D107, you will realize that only one 

year (2023) the river was not able to meet it’s water demand of 2 units of water, with a deficit of 

two units. 

 

You can count the number of time steps (n), the number of deficits (# of deficits) and the total 

volume of deficits (Sum of deficits) as follows: 

n -> Cell D109: “=COUNT(D87:D107)” 
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# of deficits -> Cell D110: “=COUNTIF(D87:D107,">0")” 

# of NO deficits -> Cell D111: “=COUNTIF(D87:D107,"=0")” 

Sum of deficits -> Cell D112: “=SUMIF(D87:D107,">0")” 

Sum of Water Demand -> Cell D113: “=River_WD*D109” 

Sum of Water Supplied -> Cell D114: “=D113-D112” 

 

 

According to the equation of reliability in time, we can estimate it as follows: 

𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝑅𝑅𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑅𝑅(𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷)𝑖𝑖 =
# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 = 0

𝑛𝑛
 

 

Reliability in time -> Cell D116: “=D111/D109”. The time-based reliability means that 95% of 

the time the water demand of the river can be fully supplied. 
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According to the equation of volumetric reliability, we can estimate it as follows: 

𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝑅𝑅𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑅𝑅(𝑣𝑣𝑜𝑜𝑅𝑅𝑣𝑣𝑡𝑡𝐷𝐷)𝑖𝑖 =
∑𝑋𝑋𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝐷𝐷𝐷𝐷,𝑡𝑡

𝑖𝑖

∑𝑋𝑋𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷,𝑡𝑡
𝑖𝑖  

Volumetric Reliability -> Cell D117: “=D114/D113”. The volumetric reliability means that 95% 

of the volume requested by the River was able to be supplied. 

 

 

Vulnerability 

The performance criterion of vulnerability expresses the severity of the deficits. In summary, it is 

the average of the water supply deficits, expressed as a percentage of the water demand. 

Vulnerability can be calculated as follows: 
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𝑉𝑉𝑣𝑣𝑅𝑅𝑛𝑛𝐷𝐷𝑉𝑉𝑅𝑅𝑅𝑅𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑅𝑅𝑖𝑖 =
� ∑𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖

# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 > 0 𝑜𝑜𝐷𝐷𝐷𝐷𝑣𝑣𝑉𝑉𝐷𝐷𝑜𝑜 
�

𝑊𝑊𝑅𝑅𝐷𝐷𝐷𝐷𝑉𝑉 𝐷𝐷𝐷𝐷𝑡𝑡𝑅𝑅𝑛𝑛𝑜𝑜𝑖𝑖
 

Vulnerability -> Cell D118: “=(D112/D110)/River_WD”. The vulnerability criterion means that 

when a deficit happens, on average, the magnitude of the deficit is 100% of the water demanded 

by the river. 

 

One tricky thing about the Vulnerability is to calculate it when no deficit occur. For this case, the 

system is considered 0% vulnerable. Thus, the equation in Cell D118 should be changed to account 

for this peculiar condition as follows: “=IF(D110=0,0,(D112/D110)/River_WD)”. 
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Resilience 

Resilience is the system’s capacity to adapt to changing conditions, resilience must be considered 

as a statistic that assesses the flexibility of water management policies to adapt to changing 

conditions. The classic definition of resilience is the probability that a system recovers from a 

period of failure, e.g., a deficit in water supply. For our specific case, Resilience is the probability 

that a year of no-deficit follows a year of deficit in the water supply for the ith water user. Resilience 

is a useful statistic to assess the recovery of the system once it has failed. Resilience is expressed 

as: 

𝑅𝑅𝐷𝐷𝑡𝑡𝐷𝐷𝑅𝑅𝐷𝐷𝐷𝐷𝑛𝑛𝐷𝐷𝐷𝐷𝑖𝑖 =
# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 = 0 𝐷𝐷𝑜𝑜𝑅𝑅𝑅𝑅𝑜𝑜𝑓𝑓𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 > 0

# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 > 0 𝑜𝑜𝐷𝐷𝑣𝑣𝑉𝑉𝑉𝑉𝐷𝐷𝑜𝑜
 

 

To estimate Resilience, we need to create a matrix that track the number of times a period of No 

Deficit follow a period with Deficit. We will always start the first time step with zeros.  

 

For year 2021, we can estimate if the previous year was in a water supply deficit AND this year is 

not in a deficit in cell I88 as follows: “=IF(AND(D88=0,D87>0),1,0)”. This equation flags 

(inserting a 1) if the previous year was in a deficit and the current year is not. The following figure 
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shows that only in year 2024 the previous condition is true, meaning that the previous year (2023) 

was in a water supply deficit and that the current year (2024) it is not.  

 

 

You can sum all of the times this condition occurs in Cell I109: “=SUM(I87:I107)” 

The resilience can be calculated as follows: 

𝑅𝑅𝐷𝐷𝑡𝑡𝑖𝑖 =
# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 = 0 𝐷𝐷𝑜𝑜𝑅𝑅𝑅𝑅𝑜𝑜𝑓𝑓𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 > 0

# 𝑜𝑜𝐷𝐷 𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷𝑡𝑡 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑖𝑖 > 0 𝑜𝑜𝐷𝐷𝑣𝑣𝑉𝑉𝑉𝑉𝐷𝐷𝑜𝑜
 

 

Resilience -> Cell D119: “=IF(I109=0,1,I109/D110)”. The resilience criterion means the 

probability that a water demands recovers from a deficit, when they occur. For the River water 

demand, there is a 100% probability that the system will recover.  
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One tricky thing about the Resilience is to calculate the resilience of a system when no deficit 

occur. For this case, the system is considered 100% resilient. Thus, the equation in Cell D119 

should be changed to account for this peculiar condition as follows: “=IF(I109=0,1,I109/D110)”. 

 

 

Water Resources Sustainability Index 

Now, think about this: How do you know that a given user is receiving adequately their water 

demand? So far, we have estimated four performance criteria, but imagine that we start evaluating 

several alternative water management strategies and all of a sudden some criteria starts going up 

other going down. Can we estimate a single number (an Index) that summarize the performance 
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of a given water demand? In order to summarize all the performance criteria, we used index that 

helps synthesizing results. The Water Resources Sustainability Index (SI) is an index that 

aggregates a set of performance criteria, it is the geometric average of a group of m performance 

criteria for a given water user i: 

 

𝑆𝑆𝑆𝑆𝑖𝑖 = �� Performance Criteriami
M

m=1

�

1
M�

 

 

For our case, the SI can be expressed as: 

𝑆𝑆𝑆𝑆𝑖𝑖 = �𝑅𝑅𝐷𝐷𝑅𝑅(𝐷𝐷𝐷𝐷𝑡𝑡𝐷𝐷)𝑖𝑖 ∗ 𝑅𝑅𝐷𝐷𝑅𝑅(𝑉𝑉𝑜𝑜𝑅𝑅𝑣𝑣𝑡𝑡𝐷𝐷)𝑖𝑖 ∗ 𝑅𝑅𝐷𝐷𝑡𝑡𝑖𝑖 ∗ (1 − 𝑉𝑉𝑣𝑣𝑅𝑅𝑛𝑛𝑖𝑖)�
1
4�  

For the River water demand, the SI can be estimated in Cell D120 as follows: 

Cell D120: “=(D116*D117*D119*(1-D118))^(1/4)” 

 

Figure 17. Results of the Performance Criteria and Sustainability Index for the River Water 

demand 
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For the River water demand, the SI = 0% meaning that is unsustainable. While the Reliability (in 

time and volume) is very high (95%) and the resilience is very high (100%), when a deficit occurs, 

this deficit is very damaging, 100% of the water demand. That’s the reason why the SI = 0% 

Instructions 

Calculate the deficit matrix for users 1, 2 and 3. 

Hint: for year 2020, the deficit can be calculated as follows:  

User1 -> Cell E87: “=IF(E59<X1_WD,X1_WD-E59,0)” 

User2 -> Cell F87: “=IF(F59<X2_WD,X2_WD-F59,0)” 

User3 -> Cell G87: “=IF(G59<X3_WD,X3_WD-G59,0)” 

 

Calculate the following variables for Users 1, 2 and 3: n, # of deficits, # of NO deficits, Sum of 

deficits, Sum of Water Demand, and Sum of Water Supplied 

Hint: Remember to use the appropriate water demands for user 1 (X1_WD), 2 (X2_WD), 

and 3 (X3_WD) in the equation of Sum of Water Demand. 

Calculate the resilience matrix for Users 1, 2 and 3 

Estimate the Reliability (time-based and volumetric), Vulnerability, resilience and Water resources 

Sustainability Index for user 1, 2 and 3. 

Hint: Remember to use the appropriate water demands for user 1 (X1_WD), 2 (X2_WD), 

and 3 (X3_WD) in the equation of Vulnerability. 
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To be turned in: 

1) Create a table (similar to Figure 17) of the four performance criteria [Reliability(time and 
volume), vulnerability and resilience) and the Sustainability Index for ALL water users. 
Also show the two figures below, one with the mass balance model (cells B57:H79), and 
the water allocation figures for user 1, 2, 3 and river (See below). 

 

2) Change the value of the River water demand (QtRiver ) to 4 units in cell C54. Show a table 
with the performance criteria for all users, a figure of the mass balance model (cells 
B57:H79) and the water allocation figures for user 1, 2, 3 and river. Does the water 
supply for Users 1, 2 and 3 change? Does it improved or got worse?  
 

3) Calculate the average annual flow coming from upstream (QtIn) (Average of cells 
C59:C79). How much the River water demand represent in comparison to the average 
annual inflows [ River_WD / Avg. (QtIn) ]? Do you think this is enough water so the 
ecosystem can be sustained? Imagine that from your total monthly income (let say 
$2,000), this monthly stipend is reduced to the same percentage of water that was left in 
the river (let say 30% of $2,000 = $600). Can you adequately live with this budget in a 
month? Do you see any similitude with what we have left to the river? Elaborate why 
there may be a conflict with human and environmental water supply.  
 

4) Go to the Sheet “Part 2 Reservoir” and estimate the four performance criteria 
[Reliability(time and volume), vulnerability and resilience) and the Sustainability Index 
for ALL water users, considering the River water demand (QtRiver ) to 2 units. Also show 
the two figures below, one with the mass balance model (cells B57:H79), and the water 
allocation figures for user 1, 2, 3 and river.  
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5) Compare the results the system with and without a reservoir for a River water demand 
(QtRiver ) to 2 units. Can you elaborate in the change of performance from a water system 
without a reservoir and one with a reservoir. Does the performance criteria improved or 
got worse? By how much? 
 

6) Estimate the four performance criteria [Reliability(time and volume), vulnerability and 
resilience) and the Sustainability Index for ALL water users, considering the River water 
demand (QtRiver ) to 4 units. Also show the two figures below, one with the mass balance 
model (cells B57:H79), and the water allocation figures for user 1, 2, 3 and river.  
 

7) Compare the results the system with and without a reservoir for a River water demand 
(QtRiver ) to 4 units. Can you elaborate in the change of performance from a water system 
without a reservoir and one with a reservoir. Does the performance criteria improved or 
got worse? By how much? 
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